For models in which dark matter annihilation is Sommerfeld-enhanced, the annihilation cross section increases at low relative velocities. Dwarf spheroidal galaxies (dSphs) have low characteristic dark matter particle velocities and are thus ideal candidates to study such models. In this paper we model the dark matter phase space of dSphs as isotropic and spherically-symmetric, and determine the J-factors for several of the most important targets for indirect dark matter searches. For Navarro-Frenk-White density profiles, we quantify the scatter in the J-factor arising from the astrophysical uncertainty in the dark matter potential. We show that, in Sommerfeld-enhanced models, the ordering of the most promising dSphs may be different relative to the standard case of velocity-independent cross sections. This result can have important implications for derived upper limits on the annihilation cross section, or on possible signals, from dSphs.
I. INTRODUCTION
A major strategy for the indirect detection of dark matter is the search for photons arising from dark matter annihilation in dwarf spheroidal galaxies (dSphs) [1] . The dark matter halo masses of dSphs are well constrained from stellar kinematics [2] [3] [4] [5] , and the systematic uncertainties associated with the expected backgrounds [6] are relatively small compared with other astrophysical targets and channels used in indirect detection. Null detection results from Fermi-LAT place strong limits on the dark matter annihilation cross section for particles with mass 100 GeV [7, 8] , ruling out thermal relic dark matter for velocity-independent cross sections to some final states. Targeted ground-based observatories provide the most stringent limits for masses 1 TeV [9] .
In determining the flux of photons arising from dark matter annihilation, the main astrophysical dependence is encapsulated in the J-factor of the target. If the annihilation cross section σ A v is velocity-independent, the J-factor is simply an integral over the line-of-sight and over a given angular region of the square of the dark matter density profile of the target. With this assumption the J-factor is independent of the underlying particle physics such as the dark matter mass and cross section, and furthermore, it is independent of the particular phase space distribution of the dark matter. Many authors have determined the J-factors from the stellar kinematics of dSphs under the assumption of a velocity-independent annihilation cross section [10] [11] [12] [13] [14] [15] .
However, from a theoretical perspective, the annihilation cross section may be velocity dependent; for example, theoretically well-studied models have p-wave suppressed dark matter annihilation (σ A v ∝ v 2 ). Additionally, it has been long appreciated that there are some dark matter models in which dark matter annihilation exhibits a Sommerfeld enhancement at low relative velocities [16] . If the annihilation cross section is velocity-dependent, the photon flux arising from dark matter annihilation does in fact depend on the dark matter velocity distribution, and the astrophysical dependence cannot be entirely factorized from the particle physics [17, 18] . However, there has not yet been a systematic study of J-factors for velocity-dependent cross sections.
In this paper we determine the analog of the J-factor which is relevant for Sommerfeld-enhanced dark matter annihilation. We use a simple isotropic and spherically-symmetric model 1 for the dark matter phase space distribution of the dSphs, which -under the assumption of a model for the gravitational potential -is constrained by the measured stellar velocity distributions. We show that this new astrophysics factor, denoted as J S , depends on two parameters which are determined by the detailed particle physics of dark matter annihilation.
The results that we present have important practical applications for interpreting limits on (or establishing possible detections of) a dark matter annihilation signal from dSphs. For example, if we consider a single dSph target, the J-factor is the quantity which allows one to translate a statistical bound on (or an observed excess due to) the number of photons arising from dark matter annihilation into a corresponding limit on (or value for) the dark matter annihilation cross section.
Similarly, a determination of the Sommerfeld-enhanced J-factor would allow one to translate observations of the photon flux into preferred and/or excluded values of the Sommerfeld-enhanced cross section.
In addition, we may consider the results from a combination of multiple dSph targets. If one observes multiple targets, the relative ordering of the J-factors also provides an important consistency check for the dark matter interpretation of any potentially observed excess. For a given dark matter annihilation cross section, the expected flux of photons arising from dark matter annihilation scales with the J-factor [20] . Thus, if an excess is observed in one dwarf spheroidal target, one would also expect excesses in other targets with larger J-factors; a failure to see such excesses would draw into question the consistency of the dark matter interpretation of the photon signal. However, since the different dwarf spheroidal galaxies can have very different velocity dispersions, the relative ordering of the Sommerfeld-enhanced J-factors may be quite different from that of the ordinary J-factor. Thus, a pattern of excesses in the gamma-ray emissions of many dwarf spheroidal galaxies, which may appear inconsistent with velocity-independent dark matter annihilation, may still be consistent with Sommerfeld-enhanced dark matter annihilation.
The plan of this paper is as follows. In section II, we review the formalism for obtaining the dark matter velocity distribution from stellar observations. In section III, we review the theoretical considerations underlying the Sommerfeld enhancement of dark matter annihilation and derive an expression for the Sommerfeld-enhanced J-factor, J S . In section IV we present our results for J S for several dwarf spheroidal galaxies. We conclude with a discussion of our results in section V.
II. DARK MATTER DISTRIBUTION FUNCTION AND DENSITY PROFILES
In a dSph, the positions in the plane of the sky and the line-of-sight velocities of stars are resolved, leading to a measurement of the projected stellar velocity distribution. For the analysis in this paper, we are interested in the 3D dark matter velocity distribution, which is not necessarily the same as the stellar velocity distribution. To determine this distribution, we use constraints on the gravitational potentials of dSphs, in combination with well-motivated theoretical assumptions.
To calculate the dark matter velocity distribution, we assume the orbits of the dark matter particles are isotropic and the potential is spherically-symmetric. This approximation is justified when examining satellite galaxies in cosmological simulations in which the star particles have ratios of tangential-to-radial velocity anisotropy in the range ∼ 0.8 − 1.3 [21] . Additional studies of the velocity anisotropy profiles of subhalos in dark matter-only simulations are consistent with this range out to the subhalo virial radius [22] . Under these assumptions, we can use the Eddington formula for the isotropic distribution function
which is a function of energy alone. Here, ρ DM (r) is the dark matter density profile, and the function Ψ(r) < 0 is the spherically-symmetric gravitational potential, which depends on the parameters of the dark matter density profile. The gravitational binding energy per mass of a dark matter particle is = v 2 /2 + Ψ(r) < 0, and v is the modulus of the velocity of a dark matter particle.
Thus, the quantity f DM ( ) is implicitly a function of v and r and is equivalent to the velocity v) ). The velocity distribution obeys the normalization
where v esc (r) = −2Ψ(r) is the maximum velocity obtainable for a gravitationally-bound particle at radius r.
We assume a Navarro-Frenk-White (NFW) form of the dark matter density profile:
. The NFW profile can be a cast as a function of the scale density and scale radius (ρ s , r s ), or the maximum circular velocity and the radius of maximum circular velocity (V max , r max ). These quantities are related via
Hence, the dark matter velocity distribution f (r, v) depends only on the parameters (ρ s , r s ) of the NFW profile, or (V max , r max ). The properties of dark matter distributions with cuspy NFW profiles have been studied in e.g. Refs. [23, 24] .
The parameters (ρ s , r s ) or (V max , r max ) can be bound by observations of the average stellar line-of-sight velocity distribution for each dSph. In order to do so, we define the stellar distribution function as f . Again under the assumption of spherical symmetry and isotropy for the stellar distribution, f can be calculated from Eq. (1) given a stellar density profile, ρ , which we take to be a Plummer profile with the best-fit half-light radius r h for each dSph [2] . With our definition of f , the average stellar velocity dispersion at a radius r is
where v refers to the velocity of the stars. To obtain the quantity that most closely approximates the observed projected velocity dispersion averaged over the entire galaxy, we then calculate
We use the observed values of σ 2 to constrain the parameters (V max , r max ) of several dSphs.
We focus on five of the most promising dSphs for indirect detection: Segue 1, Reticulum II, Coma
Berenices, Draco, and Ursa Minor. The stellar velocity dispersions, half-light radii, and the distance to the dSph are summarized in Table I . For these five dSphs, which have the largest ordinary Jfactors, Fig. 1 shows the (V max , r max ) parameter space that is consistent with the observed average velocity dispersion and its measured uncertainty.
The range of (V max , r max ) parameter space can be further bound by appealing to the results from cosmological simulations. Ursa Minor
FIG. 1:
The observable and theoretically-preferred regions in the V max − r max parameter space for the five dSphs under consideration. Along the solid colored curves are points that match the average stellar velocity dispersion, and the corresponding black dashed curves match the 1σ uncertainties. The solid gray curves indicate the median (V max , r max ) relation for subhalos [30] in the dark matter-only Aquarius simulation [29] , and the dashed gray curves represent the scatter in this relation. Dotted gray lines indicate the ordinary J-factors, for which the annihilation cross section is assumed to be independent of velocity. The filled circles define the points in parameter space that we use in calculating the Sommerfeld-enhanced J-factors.
from both the measured velocity dispersion and theoretical (V max , r max ) relation. Specifically, we consider the area in Ursa Minor, for which we place an upper bound on V max such that r max < 3 kpc, which corresponds to an estimate for the dark matter tidal radius. For all dSphs, the central (V max , r max ) values and stellar velocity dispersions are also listed in Table I . In Fig. 2 we show the velocity distribution at the half-light radius for the five dSphs, using the central point in Fig. 1 .
Note that the values of the J-factor indicated in Fig. 1 assume an NFW profile and isotropic orbits. These J-factors may differ from previous calculations in the literature [10] [11] [12] [13] [14] , which allow for non-NFW profiles, anisotropic stellar velocity dispersions, and assume a Gaussian likelihood for the stellar velocities. In order to consistently determine the impact of the Sommerfeld-enhanced J-factors, we must compare them against the J-factors represented by the gray dotted curves in Fig. 1 . Although it is possible to consider the impact of both non-NFW and anisotropic models, the case of anisotropic models would require extending beyond the approximation of Eq. (1).
III. SOMMERFELD-ENHANCED DARK MATTER ANNIHILATION A. Sommerfeld Enhancement for a Yukawa Potential
We consider two dark matter particles X that interact via the exchange of a light mediator φ of mass m φ with a coupling g X = √ 4πα X . For a scalar or vector mediator, the attractive force between nonrelativistic dark matter particles is described by a Yukawa potential
Although dark matter annihilation can essentially be thought of as a contact interaction, the long range of the potential causes distortion of the incoming dark matter particles' wave function ψ( r) (which is asymptotically a plane wave) at nonzero separation r. As a result, the annihilation cross section is enhanced by a factor S ≡ |ψ(0)| 2 . We write the annihilation cross section in the absence of the long-range Yukawa interaction as (σ A v rel ) 0 , which we assume is non-vanishing in the limit v rel → 0, where v rel is the relative velocity of the dark matter particles. Thus, the Sommerfeld-enhanced cross section may be written as (
We briefly describe the quantum mechanics behind the Sommerfeld enhancement and refer the reader to Ref. [16] for a more detailed review. With the central Yukawa potential, the annihilation process is determined by solving a 1D radial Schrödinger equation for the relative motion of the dark matter particles. We recast the physical parameters of the theory into the dimensionless
where v = v rel /2 is the velocity of the dark matter particles in the center-of-mass frame. Using the dimensionless variable x = α X m X r, the radial Schrödinger equation becomes
with the potential V (x) = exp(− φ x)/x. We assume the annihilation is s-wave and neglect higher 
− cos 2π
The analytic approximation is typically within ∼ 10% of the result found from the numerical calculation, as seen in Fig. 3 . Substantial differences for v < φ arise in narrow regions of parameter space around specific values of φ , due to the location of the resonances of the Hulthén potential (described below) not quite lining up to those of the Yukawa potential. Nonetheless, the analytic approximation exhibits the same generic features as that from the full numerical solution. As expected, in the limit where φ is heavy ( φ 1), we find S → 1, and there is no Sommerfeld enhancement. In the limit φ v , we find S → π/ v = πα X /v, which is the standard result for Sommerfeld enhancement in the presence of a Coulomb force. In the limit v φ , we have
However, in this regime, there are certain values of φ for which resonances occur:
where the argument of the cosine in the denominator of Eq. (9) vanishes. Equivalently, the resonances occur for m φ 6α X m X /(π 2 n 2 ), at which
In the limit of v → 0, the resonant enhancements become large and unphysical, because we have thus far neglected the effects of zero-energy bound-state formation and decay [31, 32] . By inserting a δ-function, which is sufficient for s-wave processes, into the Schrödinger equation to represent the short-range interaction, these resonances are regularized and yield cross sections that obey partial-wave unitarity bounds [33] . For a perturbative, short-range annihilation cross section (σ A v rel ) 0 4π/m 2 X v 0 , the standard Sommerfeld enhancement S is modified as follows:
where T is another quantity that encodes the effect of the long-range Yukawa force on the wave function and depends on the renormalization of the δ-function. We have neglected the real part of the inverse-scattering length, which corresponds to setting the short-range scattering cross section to be σ sc,0 = (σ A v rel ) 0 2 (m X /2) 2 /(4π). Such an identification may arise in a nonrelativistic theory in which the optical theorem relates the annihilation cross section to the imaginary part of the forward-scattering amplitude [34] . For α X 1, the denominator in Eq. (13) approaches 1, except for the region very close to the resonance. We have verified that for small α X , the correction due to bound states is essentially limited to the peak of the resonance but has little effect otherwise.
For our main analysis, we set α X = 10 −2 and simply use S, allowing us to avoid the issue of model-dependence in choosing the form of (σ A v rel ) 0 .
It is worth noting that, around the epoch of recombination, it is expected that the typical dark matter particle velocity would be much smaller than it is in the current epoch. One should thus worry that models with Sommerfeld-enhanced annihilation that could potentially be observed with future experiments would already be ruled out by constraints from the Plank experiment on dark matter annihilation in the early Universe [35] , at which time the Sommerfeld-enhancement could be much larger (see, for example, [36] ). Constraints on dark matter annihilation in the early Universe will not be enhanced, relative to constraints arising from observations of dSphs, provided the Sommerfeld enhancement saturates for velocities not far below the typical dark matter velocity in a dSph, which is O(1) km/s. This is equivalent to the constraint φ 10 −6 α −1 X .
B. Relating the Sommerfeld Enhancement to the Photon Flux
If the dark matter particle is its own anti-particle, the differential photon flux produced by dark matter annihilation is
where is the distance along the line of sight and dN/dE γ is the photon spectrum produced by a single annihilation process. The angular integration over ∆Ω covers a region in the sky encompassing a particular dSph. If the dark matter particle and anti-particle are distinct and equally abundant, this flux would be suppressed by an additional factor of 1/2.
Expressing the Sommerfeld-enhanced annihilation cross section as (σ
where
is the Sommerfeld-enhanced J-factor, which encapsulates all of the dependence of the photon flux on the dark matter distribution of the target. Note that since S is a function of the velocity
, it depends on the angle between v 1 and v 2 , as well as the magnitudes v 1 and v 2 . In the limit S → 1 (i.e., no Sommerfeld enhancement) we recover the ordinary result
Our main goal is to determine J S (∆Ω) for a variety of dwarf spheroidal galaxies. In general, J S depends on two parameters of the particle physics model: φ and α X .
IV. RESULTS

A. Sommerfeld-enhanced J-factors
We calculate the Sommerfeld-enhanced J-factor for five of the most promising dSphs for indirect detection: Segue 1, Reticulum II, Coma Berenices, Draco, and Ursa Minor. In Fig. 4 , we plot J S as a function of φ for Reticulum II for different values of α X , assuming ∆Ω = 2.4 × 10 −4 (i.e., a cone half-angle of 0.5 • ) and nominal values of the NFW parameters given in Table I . As expected, away from the resonances, we find that J S scales as α X . But near resonances, S scales as α 2 X φ /v 2 ; the magnitude of the resonances are thus suppressed for small φ and essentially disappear for small φ and α X . In accordance with Sec. III, we henceforth focus on the benchmark case α X = 10 −2 .
In Fig. 5 , we plot J S as a function of φ for all five dSphs, assuming α X = 10 −2 and ∆Ω = 2.4 × 10 −4 . The width of the bands show the uncertainty in choosing the NFW parameters, as defined by the five points in Fig. 1 . The gray line shows the central point for each dSph, which represents the NFW parameters that match both the average stellar velocity dispersion and the median (V max , r max ) relation from simulations. As expected, J S → J in the limit φ 1. However, J S /J ∼ 10 3 for small φ , while near resonances J and J S differ by many orders of magnitude; this corresponds to the factor by which sensitivity to (σ A v rel ) 0 is improved by Sommerfeld enhancement.
It is interesting to note that the relative order of J S among the dSphs may change as a function of φ . In particular, in the limit of no Sommerfeld enhancement ( φ 1), Reticulum II tends to have a smaller J-factor than the other dSphs; however, in the limit of φ 1, the J S -factor for Reticulum II seems relatively higher in comparison. In the left panel of Fig. 6 , we show the J S -factors from the gray lines in Fig. 5 , plotted together for ease of comparison. To emphasize how the astrophysical uncertainty affects the relative ordering, we choose particular points from those listed in Fig. 1 to show in the right panel of Fig. 6 . These points represent a scenario in which Reticulum II has the smallest ordinary J-factor at large φ , but has the largest J S -factor at small φ . Moreover, Reticulum II maintains its status of having the lowest J S factor in the valleys between resonance peaks, but settles into a higher J S factor once φ is small enough and away from the resonant regime.
Although we have chosen a particular value of α X , the relative order of J S among the dSphs (for a given set of NFW parameters) is unaffected for a different value of α X at small and large φ .
The J S dependence on α X is fairly straightforward, as described at the beginning of this section:
for φ 1, J S is independent of α X , while for φ 1 (but away from resonances), one instead finds
Thus, changing the value of α X scales J S for all dSphs by the same amount, resulting in no change in relative ordering among the dSphs outside of the resonant regime.
B. An Analytic Approximation to the Determination of J and J S Interestingly, it is possible to use analytic results to generate simple expressions which determine if the relative order of J S at small φ for two dSphs is different from the relative order of J. For this purpose, we focus on comparing two limits: the non-enhanced limit ( φ 1) and the limit of a Coulomb-like potential ( φ 1).
We assume that the density profile may be expressed in the form
where ρ s is an overall density scale, andρ is a dimensionless quantity which may be expressed as a function ofr ≡ r/r s only. Thus,ρ(r) is a dimensionless function which is independent of the parameters that characterize the dark matter distribution. For the particular case of an NFW profile, we haveρ(r) =r −1 (1 +r) −2 .
If the integration over a solid angle ∆Ω is large enough to essentially encompass the entire region of the dSph in which there is significant dark matter annihilation, the J-factor can be expressed in terms of an integral over the radial distance from the center of the dwarf, instead of an integral over the line of sight:
where we have assumed that ρ(r) is negligible unless r D. We then find
where C J is a dimensionless quantity that depends on the functional form of the dark matter distribution, but is independent of the parameters (ρ s , r s ). For an NFW profile, C J = 1/3.
To determine the Sommerfeld-enhanced J-factor, we express the dark matter velocity distribution in a scale-invariant form by utilizing the fact that the gravitational potential can be written as
whereΨ is a dimensionless function that is independent of the parameters of the dark matter distribution. We define a scale-invariant velocityṽ ≡ (Gρ s r 2 s ) −1/2 v and a scale-invariant energy per unit mass˜ =ṽ 2 /2 +Ψ. In terms of these quantities, the dark matter distribution function may be rewritten as
wheref DM is also a dimensionless quantity that is independent of (ρ s , r s ), but is implicitly a function ofr andṽ.
In the limit φ 1, we approximate the Sommerfeld enhancement factor by S ∼ πα X /v; that is, we assume the contribution to dark matter annihilation arising from the region of phase space with v φ is negligible. By integrating over an angle which encompasses the entire dwarf, we can write J S as
where C J S is a dimensionless quantity that depends on the functional form of the dark matter distribution, but not on the parameters (ρ s , r s ).
In summary, we find
Thus, for fixed J total , one increases J total S by increasing ρ s and correspondingly decreasing r s . In other words, if two dSphs have distributions with the same functional form and have the same total J-factor, then the dwarf with the smaller scale size will have the larger Sommerfeld-enhanced J-factor (in the limit φ 1).
It is important to note that these results do not depend on the assumption of an NFW profile; they apply for any choice of density profile, provided the radial dependence can be expressed entirely in terms of the dimensionless variabler = r/r s . This result does depend on the assumption that the solid angle encompasses the entire dSph. There are several NFW parameter choices we have studied for which this assumption is not true, implying that the specific results we have found for ∆Ω ≈ 2.4 × 10 −4 need not obey these scaling relations precisely. Nevertheless, they provide useful As illustrated by Figure 7 , there are several pairs of dSphs for which the relative ordering of J can be different from the relative ordering of J S in the limit φ 1. In particular, there are choices of NFW parameters for which Reticulum II has a smaller J total than either Coma Berenices, Draco, or Ursa Minor; but has a larger J total S than all of the others. But there is no choice of parameters for which Reticulum II has a larger J total S than Segue 1. However, for Segue 1, the consistent region of parameter space includes points with a relatively large (V max , r max ); such points not only yield a relatively small J total S /J total , but also a large angular size (especially since Segue 1 is the closest of these five dSphs). Thus, although Segue 1 may always have a larger J total S than Reticulum II, there are points in parameter space for which Reticulum II will have the larger J S (in the φ 1 limit) when integrated over a cone of half-angle 0.5 • , as shown in Figure 6 .
V. CONCLUSION
In this paper we have self-consistently calculated dSph J-factors, using a model for the dark matter phase space distribution and gravitational potentials that are constrained from stellar kinematics. Within the context of our spherically-symmetric and isotropic model for the dark matter phase space distribution, we quantify the astrophysical uncertainty in the J S -factors and show that the relative ordering of the most promising J S -factors can be interchanged relative to the standard velocity-independent J-factors. This result may have important implications for the interpretation of possible gamma-ray excesses from a dSph [37, 38] .
The model that we discuss can be seen as a first step in the self-consistent calculation of astrophysical J-factors for velocity-dependent annihilation cross sections. A new step in this analysis could involve the determination of J-factors for other types of models with a velocity-dependent annihilation cross section [39] . Although certain forms of the velocity dependence, such as σ A v ∝ v 2 , reduce the cross section below the sensitivity of current experiments, these models may become accessible as the sensitivity improves. This will be particularly true as new dSphs continue to be discovered by the Dark Energy Survey [40] , and even further into the future by the Large Synoptic Survey Telescope. Accounting for velocity-dependent cross sections will also be a future requirement of numerical methods that scan the theoretical parameter space given large spectroscopic data sets [41, 42] .
From a theoretical perspective, our analysis may be improved by extending beyond NFW profiles and isotropic stellar velocity dispersions. The dark matter potentials of dSphs are at present consistent with both cores [43] and cusped profiles [44] [45] [46] , and the shape of the dark matter phase space distribution is different in both cases, even for isotropic models. For anisotropic models, the dark matter distribution function depends on additional integrals of motion beyond just the energy. Guidance may come from cosmological simulations, which are able to determine the phase space distribution of the dark matter and stars separately [21] .
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